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1. INTRODUCTION 
The first part of this note deals with a simple proposition, an extension of 
the first mean value theorem for integrals which does not seem to have been 
noted before. It provides estimates for integrals of the form 
I = I Ef(~) ~(4 dx, 
where E is a measurable set on the real line, and f and g are real functions on 
E such that g is nonnegative. If f is continuous, then, as is well known, 
I =fM j-, g dx 
for some 4 E E. Theorem 1 deals with the more general case when f 
is arbitrary. 
In the second part we shall obtain (Theorem 2) an analog of Lagrange’s 
form of the remainder in Taylor’s expansion which is valid for analytic 
functions. Known results of G. Darboux [l] and R. M. McLeod [2] are 
corollaries, and a theorem of J. M. Robertson [3] is related to a special case of 
Theorem 2. A description of these three known results will be given below. 
2. THE FIRST MEAN VALUE THEOREM FOR INTEGRALS 
THEOREM 1. Let E be a nonempty Lebesgue measurable set on the real line 
and let f and g be real-valued functions on E such that g > 0 on E. Suppose that 
the Lebesgue integrals 
I = 
I 
fg dx, 
E 
J = fEgdx 
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exist and have fkite values. Then there are numbers x1 , x2 E E such that 
Proof. If J = 0 then I = 0 and we may take as xi , x2 any numbers in E. 
Now let J > 0. Then we may assume J = 1. Let 01 and /3 be the essential 
lower and upper bounds off in E, respectively. Then 01 < I -< is. 
Case 1. ol-=I.ThenJ(f--)gdx=O,andhence 
Lf(x) - 4 g(x) = 0 p.p. in E. 
Since g > 0 in a set of positive measure, there is x,, E E such thatf(x,) = 01. 
Case 2. 01 < I. Then there is a set of positive measure on whichf(x) < I. 
Hence, in either case, there is xi E E such thatf(xr) < I. Applying this to the 
function - f, we find x2 E E such that f(xs) 3 1, and Theorem 1 follows. 
3. TAYLOR'S THEOREM 
G. Darboux [l] proved the following theorem. 
THEOREM A. Let the function f  (z) be regular at each point of the segment 
[a, b], where a, b are distinct complex numbers. Then, for every positive integer n, 
f(b) =c (0 < v ( n)~f("(a) + x of'"' 
for some 5 E [a, b] and some h such that j h / < 1. 
R. M. McLeod [2] proved 
THEOREM B. Let f (z) be regular at each point of [a, b]. Then there are 
points 5, , & E [a, b] and nonnegative numbers t, , t, such that t, -1 t, = 1 and 
f(b) =f(a) + (6 - a) [kf'(Cd + hf ‘@‘d. 
J. M. Robertson [3] proved 
THEOREM C. Let f (x) be regular at x = a. Then there is 6 > 0 such that, 
given b satisfying 0 < ] b - a 1 < 6, there is 5 such that 
I<-al<Ib-al and f(b) =f(a) + (b - a)f'(O. 
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Theorems A and B are corollaries of Theorem 2 below. Although Theo- 
rem C does not seem to follow in the same way, it is mentioned here since it 
is closely related to the case n = 1 of Theorem 2. 
Let t’, t” be real numbers, t’ < t”, and let the complex-valued function 
+(t) be continuous and of bounded variation on [t’, t”]. The length of the arc 
c : z = f)(t); t’ < t Q t” 
is 
I t’ I W)l - t’ 
THEOREM 2. Let a, b be distinct complex numbers and C an arc from a to b 
of length L. Let the function f (z) be regular at each point of C. Then, for every 
positive integer n, there are complex numbers t, , t, , t3 , & , & , & such that 
If, in addition, C = [a, b] then t, , t, > 0 and t3 = 0. 
To deduce Theorem A from Theorem 2, we choose 5 E [a, b] such that 
1 f (n)(t)1 > 1 f (fl)(z)I for all x E [a, b]. Then 
1 c Gf ‘“VA 1 G c t, If (nY5)l = If ‘“‘031 > 
and the assertion follows. Theorem B is the case of Theorem 2 in which n = 1 
and C = [a, b]. The methods used in the proofs of Theorems B and C do 
not seem to extend to higher derivatives. However, our proof of Theorem 2 
has some resemblance with Darboux’s proof of his Theorem A. 
4. LEMMAS 
Let D be a closed bounded subset of the complex plane having at least 
two elements. In [4] the author introduced the function No(z) by means of 
the definition 
No(z)=infjla,I+~*~+Ia,I:m>O;~a,=l; 
I c 
a,z, = z; xl ,,,,, x, E D . 
(1) 
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LEMMA 1. (i) The function N,(z) is continuous for all complex numbers z. 
(ii) The infimum in (1) is attained with m = 3. 
Proof. The assertions follow from Theorem 4 and the corollary to 
Theorem 15 of [4]. 
LEMMA 2. If D is a continuous curve in the complex plane then the convex 
hull of D is the union of all segments [c, d] such that c, d E D. 
Proof. See [5] and [6]. 
5. PROOF OF THEOREM 2 
Integration by parts, as is well known, shows that 
Hence 
where 
c 
(b - ~P-lftnyz) =f(b) _ 5’vf(v)(a). 
(n - I)! 
0 
f(b) = x(0 < Y < n) vf(“‘(a) + v  w, 
w= 
s 
n(b - z)n-l 
c (b -a)n f'%) dx* 
Let C be given by z = C(t); t’ < t < t”. Choose a positive integer /z and put 
ZkA = + (t’ + ; (t” - t’)) (0 < x < k), 
f+ z.c I(0 < h < k) Nb - ZkJ+l (?o (b _ a>n f ('%h) @k,h+l - 'krd 
Then, as K + co, 
sk - 
I 
db - Z)n-l dx = 1 
c (b - a)m ’ 
and there is $ such that sk # 0 for k > k, . Let k > k, and put 
n(b - Z&+-l 
s,(b - a)” @k.l+l 
- Zkh) = t,,(o < x < k). 
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Then 
I(0 < A < k) t,, = 1; c (0 < A < k) tkJyXkA) = z!fL. Sk 
Put {f(“)(z) : x E C} = D. Then, by definition of ND(x), 
say. As k -+ co, we have 
L 12 
‘Jk -+ si n(b - z)n-1 dz < c (b-a)” I s L n(L - s)n-1 ds = ’ o lb ---a y I I b--a’ 
Since, by Lemma 1 (i), ND( z is a continuous function of x, we conclude that ) 
and Lemma l(ii) completes the proof of the theorem, except for the last part. 
If C = [a, b], then N,(w) < 1, which means that w lies in the convex hull 
of D, and Lemma 2 proves the last part of Theorem 2. 
REFERENCES 
1. G. DARBOUX, Journ. de Math&n. 3”” skie 2 (1876), 291-312. 
2. R. M. MCLEOD, Proc. Edinburgh Math. Sot. (2) 14 (1965), 197-209. 
3. J. M. ROBERTSON, Proc. Edinburgh Math. Sot. (2) 16 (1969), 329-331. 
4. R. RADO, Phil. Trans. Royal Sot. London Ser. A, 1936, 367-414. 
5. W. FENCHEL, Math. Ann. 101 (1929), 238-252. 
6. BONNESON AND FENCHEL, Theorie der konvexen I&per, p. 9, Springer-Verlag, 
Berlin, 1934. 
